Oscillatory and periodic solutions of retarded functional differential equations are investigated.
1. The study of oscillatory solutions of differential equations with deviating arguments has been the subject of many recent investigations.
Of particular importance, however, has been the study of oscillations which are caused by the deviating arguments and which do not appear in the corresponding ordinary differential equation, see [1, [4] [5] [6] [7] [8] [9] [10] [11] 13] .
In this paper we study oscillatory properties of solutions of the linear delay differential equations with piecewise constant deviating argument of the type (1) y'(t) + a(t)y(t) + b(t)y([t-l])=0, where a(t) and b(t) are continuous functions on [0, oo), and [•] designates the greatest integer function. Such equations are similar in structure to those found in certain "sequential-continuous" models of disease dynamics as treated by Busenberg and Cooke [2] . We give sufficient condition under which equation (1) has oscillatory solutions. We emphasize the fact that our condition is the "best possible" in the sense that when a and b are constants the condition reduces to b > ae~a/4(ea -1) which is a necessary and sufficient condition. In case of constant coefficients we find conditions under which oscillatory solutions are periodic. As it is customary, a solution is said to be oscillatory if it has arbitrarily large zeros.
In this section we give a sufficient condition under which equation (1) has oscillatory solutions.
DEFINITION. A solution of equation (1) on [0, oo) is a function y(t) that satisfies the initial data y(0) = Co, y(-l) = C-x, and the conditions:
(i) y(t) is continuous on [0, oo); (ii) the derivative y'(t) exists at each point t G [0, oo), with the possible exception of the points [zj] G [0, oo) where one-sided derivatives exist;
(iii) equation (1) is satisfied on each interval [n,n+ 1) C [0, oo) with integral endpoints. THEOREM 1. Suppose that b(t) > 0, and for í > 0 (2) lim sup / íz(í)exp( / o(s)ds) dt > 1.
n^°° Jn \Jn-l ) Then the delay differential equation (1) has oscillatory solutions only.
PROOF. We prove that the existence of an eventually positive (or negative) solution leads to a contradiction. For any k = 0,1,2,..., equation ( Also from (4) we have / cn + l \ cn+1 / rt \ (7) y(n + l)expl / a(s)ds) +y(n-l) / 6(i)exp( / a(s)ds) dt~y(n), t G [n, n + 1). From (6) and (7) which is a contradiction to (2) . The proof is the same, in case of existence of an eventually negative solution. Hence, equation (1) PROOF. Suppose that y(t) > 0 for t > T. Let N = [T] +1. Then for any integer n > N, we have from equation (1), for t G [n, n + 1),
Let wn = y(n)/y(n -1). Then xvn > 0. We consider two cases:
hich is impossible, because, using (8) and the fact that, if 4AC > 1, A > 0, then the inequality AA2 + C < X has no real solution. PROOF. If y(n) ■ y(n + 1) < 0, it is clear that there exists T G (n,n+ 1) such that y(T) = 0. We shall show that y(T) = 0 implies that y(n) ■ y(n + 1) < 0. For or (11) y(t) = exp ( -/ a(s) ds I ( y(n) -y(n -1) I b(s) exp ( / a(r) dr j ds Since the solution y(t) of equation (1) is continuous on [0, oo), from (11) Also from (11) and the fact that y(T) = 0, we have (13) y(n) = y(n -1) / ¿>(s)expl / a(r)dr\ ds.
Let us assume that b(t) > 0. Then from (13), y(n)-y(n-1) > 0. It is easy to see that, from (12) and (13), y(n + 1) ■ y(n -1) < 0, and therefore y(n) ■ y(n + 1) < 0.
If b(t) < 0, then we obtain the same result. The proof is complete. We show that (15) is a sharp condition. It is known [3] that (14) with y(0) -Co and y(-1) = C-\ has a unique solution given by PROOF. Any one of the conditions (i)-(iii) implies that (18) has real roots. If condition (i) holds true, then from (17) we have Cn = Ax(C70 -A2C?_x) -(Cp -A1C_1)A2(A2/A1)" C7"_! " (C70-A2C7_1)-(C70-AiC7_1)(A2/A1)" " Since |A2/Ai| < 1 and Co -A2C_i ^ 0, then lim"^oo Cn/C7"_i = Ai > 0. Hence, Cn/Cn-! > 0 for n > N. This shows that Cn ■ C"_i > 0 for n > N. Then Lemma 1 shows that there is no t G (n, n +1) such that y(t) = 0. So equation (14) has no oscillatory solution. If condition (ii) holds, then Ai > A2 > 0 and the same argument shows that Cn ■ Cn+i > 0.
If (iii) holds, then Ai = A2 = e~a/2, and (17) becomes (19) Cn = ((n + l)Co-nC-i\x)\'xl.
If C0 = C-1A1, then Cn = C_,A?+1, which implies Cn ■ Cn+1 > 0. If C0 ¿ C-1A1, then Cn = n(Co-C_lX1) + Co A Cn-\ n(Co -C_iAi) + C-x or linin^oo Cn/Cn-i = Ai > 0, so Cn ■ Cn-i > 0 for n > N. Therefore in either case Cn ■ Cn+i > 0, which shows that equation (14) has no oscillatory solution. In this case equation (14) with a -0 and 6=1 has periodic solutions of period 6.
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